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Impact of 
FLR models

EXAMPLE in the 
electrostatic slab 
ion temperature 
gradient (ITG) 
dispersion relation 
in Fourier space 
with diffusion 
in  and  dirs.∥ ⊥

GENE-X current GENE-X target Padé on J0

Long Wave Approx. FLR FLR with exact J0 FLR with Padé
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Impact of FLR models — ITG disp. rel.

[2] A. Mariani et al., Physics of Plasmas 25, 012313 (2018).

analysis of quasi-linear flux

GENE-X current
GENE-X target
Padé on J0

Long Wave App. FLR
FLR with exact J0
FLR with Padé

1 1
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Impact of FLR models — ITG disp. rel.

[2] A. Mariani et al., Physics of Plasmas 25, 012313 (2018).

analysis of quasi-linear flux

major Physics change 
from GENE-X current to target

GENE-X current
GENE-X target
Padé on J0

Long Wave App. FLR
FLR with exact J0
FLR with Padé

1 1
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Impact of FLR models — ITG disp. rel.

[2] A. Mariani et al., Physics of Plasmas 25, 012313 (2018).

analysis of quasi-linear flux

major Physics change 
from GENE-X current to target

Padé on  not far-fetched from target 
and provides very convenient algorithm

J0

(1 − 1
4 ρ2

α ∇2
⊥) ⟨ϕ(r)⟩R = ϕ(R)

differential eq. for gyro-average

GENE-X current
GENE-X target
Padé on J0

Long Wave App. FLR
FLR with exact J0
FLR with Padé

1 1
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Gyro-matrix approach

1 2

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

[3] T. Görler et al., Journal of Computational Phys. 230, 7053–7071 (2011).
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Gyro-matrix approach

1 2

grid of values

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

[3] T. Görler et al., Journal of Computational Phys. 230, 7053–7071 (2011).
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Gyro-matrix approach

1 2

grid of values

interpolated quantities around each point

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

[3] T. Görler et al., Journal of Computational Phys. 230, 7053–7071 (2011).
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Gyro-matrix approach

1 2

calculates gyro-averages for all orders 
up to the discretization error

grid of values

interpolated quantities around each point

matrix combining interpolation and gyro-average

gyro-matrix ⟨ϕ⟩R = G(μ) ϕ

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

[3] T. Görler et al., Journal of Computational Phys. 230, 7053–7071 (2011).
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Gyro-matrix approach

1 2

calculates gyro-averages for all orders 
up to the discretization error

grid of values

interpolated quantities around each point

matrix combining interpolation and gyro-average

gyro-matrix ⟨ϕ⟩R = G(μ) ϕ

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

[3] T. Görler et al., Journal of Computational Phys. 230, 7053–7071 (2011).

CAVEATS: intricate algorithm, expensive in resources…
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THANK YOU

Study of finite Larmor radius (FLR) physics in tokamaks and 
stellarators with the gyrokinetic turbulence code GENE-X

SUMMARY 

Re-derivation of GENE-X eqs. accounting for FLR effects 

Padé approx. of  

Example of FLR models in the ES slab ITG disp. relation 

Padé on  is Physically close  
and provides a convenient algorithm for FLR effects 

Gyro-matrix approach

J0

J0
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ADDENDUM
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Gyro-averages and GENE-X equations

1 5

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

ℒ = qα

c
A ⋅ ·R + qα

c ⟨A1∥⟩R
b ⋅ ·R + mα v∥ b ⋅ ·R + μ B

Ωα

·θ − qα ⟨ϕ1⟩R
− 1

2 mα v2
∥ − μ B + mα c2

2 B2 ∇⊥ϕ1
2

VLASOV EQ.
∂fα
∂t

+ ·R ⋅ ∇fα + ·v∥
∂fα
∂v∥

= 0 (B* ∼ B + mα c
qα

v∥ ∇ × b + ⟨∇ × A1⟩)
using the GENE-X Poisson 
bracket [1] for our coordinates

·R = B*
B*∥

v∥ + c
qα B*∥

b × (μ∇B + qα ∇⟨ϕ1⟩R)
·v∥ = − B*

mαB*∥ (μ∇B + qα ∇⟨ϕ1⟩R) − qα

mα c
∂⟨A1∥⟩

∂t

[1] D. Michels, PhD thesis (Technische Universität München, 2022).
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Gyro-averages and GENE-X equations

1 6

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

ϕ ∑
α

qα ⟨nα⟩†
r

= − ∇ ⋅ (∑
α

nα
mα c2

B2 ∇⊥ϕ1)
QUASI- 
NEUTRALITY 
EQ.

A ∑
α

qα

c ⟨∫ dW fα v∥⟩
†

r
= − 1

4π
∇2

⊥ A1∥
AMPÈRE’S 
LAW

⟨ϕ(R)⟩†
r = ∫

2π

0

dθ
2π ∫ dR δ (R + ρα − r) ϕ(R)

adjoint 
operator

least-action principle for

ℒ = qα

c
A ⋅ ·R + qα

c ⟨A1∥⟩R
b ⋅ ·R + mα v∥ b ⋅ ·R + μ B

Ωα

·θ − qα ⟨ϕ1⟩R
− 1

2 mα v2
∥ − μ B + mα c2

2 B2 ∇⊥ϕ1
2
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Gyro-averages and GENE-X equations

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

⟨ϕ(R)⟩†
r = ∫

2π

0

dθ
2π ∫ dR δ (R + ρα − r) ϕ(R)

adjoint 
operator

ENERGY CONSERVATION

∑
α

∫ dV∫ dW qα fα ⟨ ∂ϕ1
∂t

−
v∥

c
∂A1∥

∂t ⟩
R

= ∑
α

∫ dV qα (⟨∫ dW fα⟩
†

r

∂ϕ1
∂t

− ⟨∫ dW fα
v∥

c ⟩
†

r

∂A1∥

∂t )
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Gyro-averages and GENE-X equations

1 8

⟨ϕ(r)⟩R = ∫
2π

0

dθ
2π

eρα⋅∇ ϕ(R)
gyro-average

ℒ ∼ ⟨ϕ1⟩R
, ⟨A1∥⟩R

VLASOV EQ.
∂fα
∂t

+ ·R ⋅ ∇fα + ·v∥
∂fα
∂v∥

= 0

·R ∼ ⟨ϕ1⟩R

·v∥ ∼ ⟨ϕ1⟩R
, ⟨A1∥⟩

[1] D. Michels, PhD thesis (Technische Universität München, 2022).

⟨ϕ(R)⟩†
r = ∫

2π

0

dθ
2π ∫ dR δ (R + ρα − r) ϕ(R)

adjoint 
operator

ϕ QUASI- 
NEUTRALITY

A AMPÈRE’S LAW

least-action principle for

∼ ⟨nα⟩†
r

∼ ⟨∫ dW fα v∥⟩
†

r

ENERGY 
CONSERVATION

f1 (⟨…⟩R) = f2 (⟨…⟩†
r)

B/B

r

ρα

R

Backup circle mesh First draft

[1]
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FLR models

 , ℋ0 ℋ1

ℋ2

full-FLR

Long Wavelength Approx. (LWA)

orders of the 
Hamiltonian 

ℋ

FLR IN 

 GENE-X current LWA LWA

 GENE-X target FULL LWA

 FULL FLR FULL FULL

 , ℋ0 ℋ1 ℋ2

FLR… where?
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FLR models

2 0

tested in the electrostatic slab ion temperature gradient (ITG) dispersion relation in Fourier space 
with diffusion in  and  dirs.∥ ⊥

= 0 polarization term+
merging Vlasov eq. + quasi-neutrality eq.


     respective operators combine to ⇒ J0 Γ0 ∼ J2
0

Physics in  !Γ0

∑
α

1
Tα

Γ0 + ∑
α

1
Tα

Γ0 ξeff Z − ∑
α

1
2 Tα

k⊥
k∥ (Γ0 Z + η (Γ0 ξeff (1 + ξeff Z) − 1

2 Γ0 Z + a (Γ1 − Γ0) Z))

if full-FLR in        ℋ2 ⇒ ≡ ∑
α

τ−1
α (1 − Γ0)

if  LWA     in        ℋ2 ⇒ ≡ ∑
α

k2
⊥ Padé on  from where we get 


or Padé on  directly
J0 Γ0

Γ0
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FLR models

2 1

tested in the electrostatic slab ion temperature gradient (ITG) 
dispersion relation in Fourier space with diffusion in  and  dirs.∥ ⊥

fu
ll-

FL
R

 in
 ℋ

2
LW

A 
in

 ℋ
2

growth 
rate

full FLR Padé on J0 Padé on Γ0

G-X current G-X target Padé on J0 Padé on Γ0
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FLR models

2 2

tested in the electrostatic slab ion temperature gradient (ITG) 
dispersion relation in Fourier space with diffusion in  and  dirs.∥ ⊥

fu
ll-

FL
R

 in
 ℋ

2
LW

A 
in

 ℋ
2

real 
freq. 

full FLR Padé on J0 Padé on Γ0

G-X current G-X target Padé on J0 Padé on Γ0
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GENE-X current GENE-X target Padé on J0 Padé on Γ0

LWA in , ℋ0 ℋ1 full-FLR in , ℋ0 ℋ1
Padé
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FLR models — ITG dispersion relation

2 4[1] A. Mariani et al., Physics of Plasmas 25, 012313 (2018).

analysis of quasi-linear flux [1]

major Physics change 
from GENE-X current to target

Padé on  more 
Physically sensible

Γ0

Padé on  not far-fetched 
and provides very convenient algorithm

J0

(1 − 1
4 ρ2

α ∇2
⊥) ⟨ϕ(r)⟩θ = ϕ(R)

differential eq. for gyro-average
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Study of finite Larmor radius (FLR) physics 
in tokamaks and stellarators with the gyrokinetic 
turbulence code GENE-X
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