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Challenges of magnetized fusion plasma modeling
Ø The ultimate goal – to capture plasma dynamics in all temporospatial scales. 

§ Edge, or boundary plasma is even more complicated than core plasma 

Ø Characteristics of boundary plasma impose constraints on numerical models.
§ Highly anisotropic magnetized plasma

o Long simulation time to get steady-state solution due to separation of time scales
o Accurate parallel derivative to prevent numerical diffusion pollution 

§ O(1) fluctuation and shorter characteristic length
o “full-f”, global formulation is required; poloidally nonuniform dynamics

§ Change of magnetic topology
o Closed flux surface to open field-lines in tokamak; closed flux surface to a chaotic layer in stellarator

§ Flux driven system (BVP for a steady-state solution)
o Appropriate source and sink, need to account for realistic wall and divertor boundary and BCs

§ Neutral and atomic physics is important near the divertor/wall
o Neutrals to provide particle, momentum and energy source/loss, impurity for radiation cooling, dilution 

effect in transport coeffs., …
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Stochasticity is part of boundary plasma transport
Ø Separatrix is susceptible to magnetic perturbation; and a chaotic layer is inherent at 

stellarator boundary. 

Poincare plots of W7-X with various island width 
[Geiger, 2020]

Poincare plots of DIII-D electromagnetic turbulence 
simulation with BOUT++ at various stages [Zhu, 2023]

How to model plasma transport dynamics in a chaotic field? 
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Choice of coordinate (or, mesh) for boundary plasma models

Ø Field-line aligned (FA)
§ Computationally efficient
§ Treatment for x-point and 

stochastic field

§ Example: BOUT++, UEDGE, 
SOLPS, EMC3

Ø Flux coord. indept. (FCI) 
§ Versatile for all config.
§ B field tracing / indexing is 

expensive and complicate

§ Example: GDB, GRILLIX, 
BSTING, …

Ø Direct approach (DA)
§ Straightforward
§ Need ultra-high resolution

§ Example: GBS

[Shanahan, 2016]

[Coelho, 2022]
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Ø Direct simulation of boundary plasma in stochastic field is possible (e.g., EMC3), but 
grid generation can be quite challenging. 

Ø Indirect approach adopts the common electromagnetic treatment in drift-reduced 
model derivation, i.e., the semi-electromagnetic approximation
§ Perturbed magnetic field in terms of perturbed vector potential
§ With Coulomb gauge condition                 , then  
§ For strongly magnetized (anisotropic) plasma,                , so 
§ Similarly,

§ Therefore, drift-reduced Braginskii model only keeps the dominant term

§ Can be further simplified as                         with                 assumption
§ Parallel gradient operator 

Field-line aligned approach (indirect) 
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flutter term, an external perturbed B field 
thus can be included via an additional parallel 
vector potential A
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BOUT++ simulation of KSTAR RMP shot 
Ø Coupling GPEC result to 

BOUT++ simulations
§ Generalized Perturbed 

Equilibrium Code (GPEC) solve 
plasma equilibrium with non-
axisymmetric B field (i.e., 
tokamak discharge with RMPs).

§ Compute perturbed (or, RMP) 
field as                     from GPEC;

§ Take the toroidal Fourier 
components;

§ Map from GPEC’s cylindrical 
coordinate (rectangular mesh) 
to BOUT++’s field-aligned 
coordinate (twisted 3D mesh);

§ Inverse Fourier transform.
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Outer divertor field-line tracing analysis 
Ø Field-line tracing analysis (within BOUT++) shows as the RMP strength increases

§ maximum connection length increases (i.e., more field-lines hitting the inner core bndry.)
§ penetration depth increases and striation angle becomes larger
§ most perturbed location moves outward from separatrix

1/16 x           1/8 x  1/4 x         1/2 x              original
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KSTAR RMP simulation 
Ø Initial BOUT++’s 3D thermal 

transport simulation with 
externally applied RMPs

§ Although weak (due to artificially 
reduced RMP amplitude), typical 
RMP features such as the 
homoclinic tangle near the X-
point and the striation pattern on 
the divertor heat load footprint 
do appear in the simulation.

§ On-going project to (1) add more 
terms/equations in the BOUT++ 
model, (2) cross-benchmark with 
EMC3, and (3) validate result with 
experimental measurement.
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Implications of indirect field-line aligned modeling

Ø The assumptions used in semi-electromagnetic approximation are meant for self-
induced turbulence; they are not necessarily valid for an externally applied 
perturbation.
§                is based on flute assumption              ,, may become marginal for low n RMP field.  

Ø But perhaps a more important and yet also more subtle implication is from the first 
term – parallel derivative along the “unperturbed” field-line.
§ Numerically, to avoid “perpendicular pollution”, any segment of perturbed field-line should not 

deviate too much from the unperturbed field-line. 

§ In other words, a larger perturbation level requires a higher resolution – with external 3D field, 
transport simulations may need similar or even higher resolutions than turbulence simulations.
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Flux Coordinate Independent (FCI) approach
Ø In principle, flux coordinate independent (FCI) and 

direct approaches don’t have this issue – background 
B field, stochastic or not, is prescribed and taken into 
account for by design,
§ In the past decade, new boundary plasma models based on 

FCI approach are developed for both tokamaks (e.g., GDB, 
GRILLIX) and stellerators (BSTING).

Half-torus density snapshot of C-Mod IWL EM turbulence 
simulation with GDB code [Zhu, 2018]

Poloidal density snapshot of AUG EM turbulence 
simulation with GRILLIX code [Zholobenko, 2024]
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BSTING – FCI extension of BOUT++
Ø BSTING – BOUT++ to Simulate Turbulence in Non-axisymmetric Geometries, 

designed for stellarator boundary modeling

B Shanahan, B Dudson and P Hill, “Fluid simulations of plasma filaments in 
stellarator geometries with BSTING” Plasma Phys. Control. Fusion 61 025007 
(2019)

Zoidberg grid generator: https://github.com/boutproject/zoidberg 

Strong scaling for a 64x36x256 W7-X mesh

Transport test on W7-X boundary configuration

https://github.com/boutproject/zoidberg
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BSTING turbulence simulation of W7-X
Ø Electrostatic, isothermal (10 eV) 

turbulence simulation of W7-X

§ 1ms takes 30,000 core-hours on a 
68x128x256 mesh.

B. Shanahan, D. Bold, and B. Dudson, “Global fluid turbulence 
simulations in the SOL of a stellarator island divertor”, 
arXiv:2403.18220 accepted

Animation of density evolution in turbulence simulation

Question: How confident are we with FCI approach? e.g., accuracy, resources, potential pitfalls?

https://arxiv.org/abs/2403.18220
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Ø Direct approach (DA)

§ Summation of weighted 
derivatives in all directions 
(i.e., “non-aligned”).

Ø Flux coord. indept. (FCI)

§ 1D or 2D interpolation, 
before 1D calculation (i.e., 
“local-aligned”).

Ø Field-line aligned (FA)

§ Straightforward 1D 
calculation (i.e., 
“aligned”).

Let’s dive into the details
The fundamental difference is the treatment of parallel derivatives (e.g.,                        ).
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§                     points per mode number

Ø How many grid points are needed to model (m,n) mode for each approach?

FA-FCI equivalent resolution

FA FCI

field-line/poloidal

toroidal

Resolution analysis

FA FCI DA

radial

field-line/poloidal

toroidal

total grid points
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<latexit sha1_base64="/ViCP8QPtxhL1UjOIAwbsr7UCp4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkkp6rHgxWMF0xbaUDbbTbt0s4m7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIecJzyIKYDJSLBKFrJV73o8rFXKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXiXVVq97VyvZrHUYBTOIML8OAa6nAHDfCBgYBneIU3RzkvzrvzsWhdc/KZE/gD5/MHidyOeA==</latexit>

nf/q

<latexit sha1_base64="DXo0xerEcswcpycXWYT1R4JVL3s=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MWbFewHbJeSTbNtaDZZkqxQlv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+6WiZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk9u5332iSjMpHs00oUGMR4JFjGBjJX/c1yxG91XPvRyUK27NXQCtEy8nFcjRGpS/+kNJ0pgKQzjW2vfcxAQZVoYRTmelfqppgskEj6hvqcAx1UG2OHmGLqwyRJFUtoRBC/X3RIZjradxaDtjbMZ61ZuL/3l+aqKbIGMiSQ0VZLkoSjkyEs3/R0OmKDF8agkmitlbERljhYmxKZVsCN7qy+ukU695V7XGQ6PSrOdxFOEMzqEKHlxDE+6gBW0gIOEZXuHNMc6L8+58LFsLTj5zCn/gfP4AhQKQDw==</latexit>

h ⇠ O(10)

<latexit sha1_base64="3WTHC18GNiIrzZ0q+EKoMS+7t/c=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHcWGZKUZcFNy4r2Ae045BJM21oJglJRhiG+ituXCji1g9x59+YtrPQ1gMXDufcy733RJJRbTzv21lb39jc2i7tlHf39g8O3aPjjhapwqSNBROqFyFNGOWkbahhpCcVQUnESDea3Mz87iNRmgp+bzJJggSNOI0pRsZKoVsZSCWkEXCgxiLUD/mFPw3dqlfz5oCrxC9IFRRohe7XYChwmhBuMENa931PmiBHylDMyLQ8SDWRCE/QiPQt5SghOsjnx0/hmVWGMBbKFjdwrv6eyFGidZZEtjNBZqyXvZn4n9dPTXwd5JTL1BCOF4vilEH77CwJOKSKYMMySxBW1N4K8RgphI3Nq2xD8JdfXiWdes2/rDXuGtVmvYijBE7AKTgHPrgCTXALWqANMMjAM3gFb86T8+K8Ox+L1jWnmKmAP3A+fwCSUZSt</latexit>

/ ⇢�1
s

<latexit sha1_base64="vV15AXXy/pAP68sGmxt2hfGZQEc=">AAAB6XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsR/QLiWbZtvQJLskWaEs/QdePCji1X/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObud+54lpw2P1aKcJCyQZKR5xSqyTHsZyUK54VW8BvE78nFQgR3NQ/uoPY5pKpiwVxJie7yU2yIi2nAo2K/VTwxJCJ2TEeo4qIpkJssWlM3zhlCGOYu1KWbxQf09kRBozlaHrlMSOzao3F//zeqmNboKMqyS1TNHloigV2MZ4/jYecs2oFVNHCNXc3YrpmGhCrQun5ELwV19eJ+1a1b+q1u/rlUYtj6MIZ3AOl+DDNTTgDprQAgoRPMMrvKEJekHv6GPZWkD5zCn8Afr8AZamjVw=</latexit>

hm
<latexit sha1_base64="vV15AXXy/pAP68sGmxt2hfGZQEc=">AAAB6XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsR/QLiWbZtvQJLskWaEs/QdePCji1X/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObud+54lpw2P1aKcJCyQZKR5xSqyTHsZyUK54VW8BvE78nFQgR3NQ/uoPY5pKpiwVxJie7yU2yIi2nAo2K/VTwxJCJ2TEeo4qIpkJssWlM3zhlCGOYu1KWbxQf09kRBozlaHrlMSOzao3F//zeqmNboKMqyS1TNHloigV2MZ4/jYecs2oFVNHCNXc3YrpmGhCrQun5ELwV19eJ+1a1b+q1u/rlUYtj6MIZ3AOl+DDNTTgDprQAgoRPMMrvKEJekHv6GPZWkD5zCn8Afr8AZamjVw=</latexit>

hm
<latexit sha1_base64="KkxNpPVvHzZnC/Kx07iWAZI9+8g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYSwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtGtV76pav69XGrU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AZgqjV0=</latexit>

hn
<latexit sha1_base64="KkxNpPVvHzZnC/Kx07iWAZI9+8g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYSwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtGtV76pav69XGrU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AZgqjV0=</latexit>

hn

<latexit sha1_base64="Vy1SvWH7/U8zOZqiLPZaJE12lgo=">AAACCXicbVDLSgMxFM34rPVVdekmWIS6sMyUoi4LbtxZwT6gMwyZNNOGJpmYZMQydOvGX3HjQhG3/oE7/8b0sdDWAxcO59zLvfdEklFtXPfbWVpeWV1bz23kN7e2d3YLe/tNnaQKkwZOWKLaEdKEUUEahhpG2lIRxCNGWtHgcuy37onSNBG3ZihJwFFP0JhiZKwUFuAg9CVSiDHCfCSlSh4gPxV3vqYcXpe8k7BQdMvuBHCReDNSBDPUw8KX301wyokwmCGtO54rTZAhZShmZJT3U00kwgPUIx1LBeJEB9nkkxE8tkoXxomyJQycqL8nMsS1HvLIdnJk+nreG4v/eZ3UxBdBRoVMDRF4uihOGTQJHMcCu1QRbNjQEoQVtbdC3Le5YGPDy9sQvPmXF0mzUvbOytWbarFWmcWRA4fgCJSAB85BDVyBOmgADB7BM3gFb86T8+K8Ox/T1iVnNnMA/sD5/AF5+Zl8</latexit>

kk ⇡ m� nq ⇠ O(1)

<latexit sha1_base64="3WTHC18GNiIrzZ0q+EKoMS+7t/c=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHcWGZKUZcFNy4r2Ae045BJM21oJglJRhiG+ituXCji1g9x59+YtrPQ1gMXDufcy733RJJRbTzv21lb39jc2i7tlHf39g8O3aPjjhapwqSNBROqFyFNGOWkbahhpCcVQUnESDea3Mz87iNRmgp+bzJJggSNOI0pRsZKoVsZSCWkEXCgxiLUD/mFPw3dqlfz5oCrxC9IFRRohe7XYChwmhBuMENa931PmiBHylDMyLQ8SDWRCE/QiPQt5SghOsjnx0/hmVWGMBbKFjdwrv6eyFGidZZEtjNBZqyXvZn4n9dPTXwd5JTL1BCOF4vilEH77CwJOKSKYMMySxBW1N4K8RgphI3Nq2xD8JdfXiWdes2/rDXuGtVmvYijBE7AKTgHPrgCTXALWqANMMjAM3gFb86T8+K8Ox+L1jWnmKmAP3A+fwCSUZSt</latexit>

/ ⇢�1
s

<latexit sha1_base64="3WTHC18GNiIrzZ0q+EKoMS+7t/c=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHcWGZKUZcFNy4r2Ae045BJM21oJglJRhiG+ituXCji1g9x59+YtrPQ1gMXDufcy733RJJRbTzv21lb39jc2i7tlHf39g8O3aPjjhapwqSNBROqFyFNGOWkbahhpCcVQUnESDea3Mz87iNRmgp+bzJJggSNOI0pRsZKoVsZSCWkEXCgxiLUD/mFPw3dqlfz5oCrxC9IFRRohe7XYChwmhBuMENa931PmiBHylDMyLQ8SDWRCE/QiPQt5SghOsjnx0/hmVWGMBbKFjdwrv6eyFGidZZEtjNBZqyXvZn4n9dPTXwd5JTL1BCOF4vilEH77CwJOKSKYMMySxBW1N4K8RgphI3Nq2xD8JdfXiWdes2/rDXuGtVmvYijBE7AKTgHPrgCTXALWqANMMjAM3gFb86T8+K8Ox+L1jWnmKmAP3A+fwCSUZSt</latexit>

/ ⇢�1
s

<latexit sha1_base64="DaOWH0plaOetINyFHSN3AG9RXEY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSSlqMeCF48VbCs0oWy2k3bpZrPsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O6WNza3tnfJuZW//4PCoenzS1WmmKHZoylP1GBGNnAnsGGY4PkqFJIk49qLJ7dzvPaHSLBUPZioxTMhIsJhRYqwUjCeDQBJFOEc+qNa8ureAu078gtSgQHtQ/QqGKc0SFIZyonXf96QJc6IMoxxnlSDTKAmdkBH2LRUkQR3mi5tn7oVVhm6cKlvCuAv190ROEq2nSWQ7E2LGetWbi/95/czEN2HOhMwMCrpcFGfcNak7D8AdMoXU8KklhCpmb3Xp2EZAjY2pYkPwV19eJ91G3b+qN++btVajiKMMZ3AOl+DDNbTgDtrQAQoSnuEV3pzMeXHenY9la8kpZk7hD5zPHzuWkcY=</latexit>

hkk
<latexit sha1_base64="WFYkUhUiKp6aHctPqwV2SyPWDD4=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw84S4h6pHEi0dM5JHASmaHXpgwO7vOzGoI4T+8eNAYr/6LN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4PfWbj6g0j+WdGSXoR7QvecgZNVa6Hwy7nYQqKgSK84duoeiW3BnIMvEyUoQMtW7hq9OLWRqhNExQrduemxh/TJXhTOAk30k1JpQNaR/blkoaofbHs6sn5NQqPRLGypY0ZKb+nhjTSOtRFNjOiJqBXvSm4n9eOzXhlT/mMkkNSjZfFKaCmJhMIyA9rpAZMbKEMsXtrYQNbAjM2KDyNgRv8eVl0iiXvItS5bZSrJazOHJwDCdwBh5cQhVuoAZ1YKDgGV7hzXlyXpx352PeuuJkM0fwB87nD4IAkno=</latexit>

hkk/q
<latexit sha1_base64="wZqr/l+IhNBXTt+oH8P6CN9QmN8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5qUoh4LXjxWsB/QxrDZTtulu0nc3Qgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBTFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjtooSSaFFIx7JbkAUcBZCSzPNoRtLICLg0Akm1zO/8whSsSi802kMniCjkA0ZJdpIvl0e39fwxO/HRBLOgWNx/uDbFafqzIFXiZuTCsrR9O2v/iCiiYBQU06U6rlOrL2MSM0oh2mpnyiICZ2QEfQMDYkA5WXz46f41CgDPIykqVDjufp7IiNCqVQEplMQPVbL3kz8z+slenjlZSyMEw0hXSwaJhzrCM+SwAMmgWqeGkKoZOZWTMcmBqpNXiUTgrv88ipp16ruRbV+W680ankcRXSMTtAZctElaqAb1EQtRFGKntErerOerBfr3fpYtBasfKaM/sD6/AGrQpQa</latexit>

h2kkm/q
<latexit sha1_base64="8o8IYtPairi9m8siaHAVuBGCQfE=">AAAB+nicbVDLTgJBEOz1ifgCPXqZSEw8kV1C1COJF4+YyCMBJLNDL0yYnd3MzGrIyqd48aAxXv0Sb/6NA+xBwUo6qVR1p7vLjwXXxnW/nbX1jc2t7dxOfndv/+CwUDxq6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98PfNbD6g0j+SdmcTYC+lQ8oAzaqzULxRH9xUy7ndjqqgQKIjVSm7ZnYOsEi8jJchQ7xe+uoOIJSFKwwTVuuO5semlVBnOBE7z3URjTNmYDrFjqaQh6l46P31KzqwyIEGkbElD5urviZSGWk9C33aG1Iz0sjcT//M6iQmueimXcWJQssWiIBHERGSWAxlwhcyIiSWUKW5vJWxkQ2DGppW3IXjLL6+SZqXsXZSrt9VSrZLFkYMTOIVz8OASanADdWgAg0d4hld4c56cF+fd+Vi0rjnZzDH8gfP5A2OQk2c=</latexit>

h2kkn
<latexit sha1_base64="Jcx3xPzg80QY2OO/h/UcpJZhNdc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvHisYD+gXUs2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pmyTVhLZIwhPdjbChnEnassxy2lWaYhFx2okmt3O/80S1YYl8sFNFQ4FHksWMYOukzvixhgSSg3LFr/oLoHUS5KQCOZqD8ld/mJBUUGkJx8b0Al/ZMMPaMsLprNRPDVWYTPCI9hyVWFATZotzZ+jCKUMUJ9qVtGih/p7IsDBmKiLXKbAdm1VvLv7n9VIb34QZkyq1VJLlojjlyCZo/jsaMk2J5VNHMNHM3YrIGGtMrEuo5EIIVl9eJ+1aNbiq1u/rlUYtj6MIZ3AOlxDANTTgDprQAgITeIZXePOU9+K9ex/L1oKXz5zCH3ifPzddjsw=</latexit>

h2mn

§ Magnetized plasma is anisotropic:               
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Parallel thermal diffusion test
Ø In any fluid-based magnetized plasma model, (electron) parallel thermal conduction 

term is often the most challenging term to deal with (e.g., time-step constraint, 
perpendicular pollution issue). 

§ A “thermal diffusion” test in a simplified geometry (e.g., a rational flux surface).

<latexit sha1_base64="Tb78S8CZd+aYdL8J2sShu5ekJyw="></latexit>

3

2
n
@T

@t
= ...+rk

�
krkT

�

<latexit sha1_base64="UYxCFP4gxMDXfTD4JowO7QEnjFU=">AAACLHicbZDLSsNAFIYn9V5vUZduBovgqiSlqBtBcONSwbZCE8vJdNIOnUyGmYlQQh7Ija8iiAuLuPU5nLQFrz8M/PznHM6cL5KcaeN5E6eysLi0vLK6Vl3f2Nzadnd22zrNFKEtkvJU3UagKWeCtgwznN5KRSGJOO1Eo4uy3rmnSrNU3JixpGECA8FiRsDYqOdeBLECkgcSlGHAcVx8eVOcBSOQEnplBJxTjgMBEf8W3DVw3HNrXt2bCv81/tzU0FxXPfc56KckS6gwhIPWXd+TJszLtYTTohpkmkogIxjQrrUCEqrDfHpsgQ9t0sdxquwTBk/T7xM5JFqPk8h2JmCG+netDP+rdTMTn4Y5EzIzVJDZojizGFJcksN9pigxfGwNEMXsXzEZWgzEWL5VC8H/ffJf027U/eN687pZO2/McayifXSAjpCPTtA5ukRXqIUIekBP6BVNnEfnxXlz3metFWc+s4d+yPn4BNj/qRw=</latexit>

@f

@t
= kr2

kf
<latexit sha1_base64="YMmPRdXG6M/G6FC5Bg7oanjocDk="></latexit>

f(t) = F�1[F(f(t = 0)) exp(�k2l kt)]

§ Set                                                                                                        Same time integrator, etc.

with

<latexit sha1_base64="rgeL3IIS87AmXbs4ePHb8g+ji6c="></latexit>

f(t = 0) = exp

 
� l2

2�2
l

� �2

2�2
�

!
,�l = 5,�� = 0.5,k = 10.
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Thermal diffusion test results at t=10 (fix q=4)

Analytical               FA (4th)             FCI (linear, 4th)      FCI (cubic, 4th)      FCI (FFT, 4th)              DA (2rd) DA (4th)

32x32

64x64

128x128

256x256
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Accuracy vs Resolution

§ (square) FA
⁃ As expected, result gradually converges to 

analytical solution as mesh resolution increases.

§ (triangle) FCI with various interp. opt.
⁃ Linear and cubic interp. have substantial 

perpendicular pollution.
⁃ Sudden improvement with FFT interp., even 

better than FA at higher-res – due to q times 
higher “equivalent” field-line resolution.

⁃ Indication of the accuracy is limited by 
interpolation (or, poloidal resolution).

§ (circular) DA
⁃ Similar pollution issue as FCI.
⁃ Higher order scheme helps.
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“FA-equivalent” FCI mesh

Analytical             FA (4th)          FCI (linear, 4th)  FCI (cubic, 4th)   FCI (FFT, 4th)

32x32

64x64

128x128

256x256

§ Question:  is there a better solution to improve FCI results besides increasing resolution?
Answer: Yes, the “FA-equivalent” FCI mesh.

32x32

64x64

128x128

256x256

100x10

200x20

400x40

800x80

100x10

200x20

400x40

800x80

100x10

200x20

400x40

800x80

With the same number of grid points, 
FCI can get the same accuracy as FA if 
the interpolation is perfect.

~103 times 
improvement
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Thermal diffusion test results at t=10 (fix res.=64x64)

Analytical              FA (2rd)                FA (4th)            FCI (FFT, 2rd)       FCI (FFT, 4th)           DA (2rd)   DA (4th)

q=2

q=4

q=8

q=16
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Accuracy vs q (or pitch angle)

§ (square) FA
⁃ Performance degradation as q increases – field-

line length (or, grid spacing) increases.

§ (triangle) FCI with FFT interp.
⁃ Sudden degradation, and 2rd and 4th order 

derivatives give the same results at q=4 and 
above – accuracy is limited by interp. – the 
“effective” poloidal resolution decreases as 
filament is closer to toroidally aligned.

§ (circular) DA
⁃ Same pollution issue and performance 

degradation as q increases

FCI and DA can’t fully resolve X-point with finite resolution.
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Summary
Ø Boundary plasma modeling is not an easy task, especially when the background 

magnetic field is chaotic.

Ø A few viable ways; each one has some subtleties. 
§ Field-line aligned: robust, reliable, and computationally efficient; grid generation is challenging 

for direct modeling, while for indirect approach, perturbation level dictates minimum resolution.
§ Flux coordinate independent: accuracy (of parallel derivatives) depends on both poloidal and 

toroidal resolutions; perpendicular pollution can be largely eliminated with careful meshing and 
at least third-order interpolation; computationally-wise it is almost as efficient as field-line 
aligned method.

§ Direct approach: higher order schemes and/or high resolution is required to reduce/control 
perpendicular pollution otherwise results can be deceptive – appears to be smooth and physical; 
computationally most expensive.

§ We are making progress; but it is important to understand the limitations of each approaches and 
to perform convergence test and cross-benchmark.


